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ABSTRACT
The polynomial identities of certain subalgebras of matrices, over the Grass-
mann algebra, are studied in terms of their cocharacters. Our present know-
ledge of such characters for matrices over a field F (char F = () plays a role
here, and some of these results are extended to these subalgebras. In particu-
lar, we obtain bounds for the codimensions of these algebras (Theorem 0.1
below).

§0. Introduction

The quantitative study of the set of identities of a given P.I. algebra (in
characteristic zero) is done by studying its codimensions and its cocharacters
or, equivalently its Poincaré series. We shall assume the reader has some
familiarity with the representation theory of the symmetric group S, , and with
cocharacters and codimensions of P.I. algebras.

The present work should be viewed as a first step towards calculating these
series for certain K-semiprime algebras which were introduced by Kemer [7].
The K-prime algebras are either M, (F) = F,, M,(E) = E, (E is the Grassmann
algebra) or certain subalgebras E;; C E, ,,. These algebras play an important
role in the theory of P.I. algebras. One consequence of our work here is the
following:

0.1. THEOREM. Let A be one of the above algebras and let {c,(4)},., be its
codimension series. Then there exist (explicit) constants a, c,, ¢,, g and g, such
that for all n,
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1 gl 1 gZ
() (—) A" Zc,(A)= ¢y (—) -a”.
n n

In particular, the exponential growth of the codimensions {c,(4)} of such
algebras is (explicitly) captured. The work of Kemer [7] highly motivates the
study of these algebras. Following Gateva [6] we first summarize, in §1,
Kemer’s results.

One of these algebras is Fy, which is clearly of central importance, and an
extensive study has been made towards understanding its polynomial ident-
ities. We therefore briefly summarize now some of the results about the
cocharacters of F,:

Let x,(4) be the (n-th) cocharacter of the algebra 4, and write

(A= Y md)-x
AE€Par(n)
(m;(4)€EN are the multiplicities of the irreducible S, characters x; in x,(4)). It
follows from [11] that
WE)= ¥ m(F) 0.

}.EPar(n)
hA)=k

(h(A)=rif (A Ay ...)and 4, =0.)

Write now
Z KXu ® Xy = 2 my - Xx
uEPar(n) AEPar(n}
h(u)=k h(l)<k

(® is the Kronecker product). It follows from [4], [5] that if 4,2 = 2 then
0.2. THEOREM. m, = m,(F,).

Thus, the problem of calculating y,(F,) is essentially equivalent to that of
calculating
DAL
#EPar(n)
h@)sk
a problem which is still open (except for k = 2) and seems to be very hard.
Nevertheless, these results imply.

0.3. THEOREM [15]. Let a, =~ b, indicate that

. a
lim = =1.
n—w b"



Vol. 58, 1987 IDENTITIES OF MATRICES 353

Then
aEy=c: (3) ke,
n
where
—( - )""(1)<'<‘—1>/2 1o oo (k — 1) ka2
C = \/E; 3 ! ( )N
and

g =(k*—1)2.

Thus Theorem 0.1 is an extension of the above theorem.
We now describe the main results of this paper. Identify a partition A with its
Young diagram, and let

A=A, ...)EH(Kk,l;n) (e, 4 =)

such that 4, = /. Then

where A(x) = k and h(v) = (see [2]), and we denote A= (u, v').

It follows from [9], [3] that

Xn(Ep) = % my(Ey)- 2
AEH(K* k%)

0.4. THEOREM. Qur main result reads. as follows:

Letdh =), Ay ...)EH(K k% n), A = k* and denote A (u, v'). If uand v
are large enough, then my(E,) = 1. [We do believe that m;(E,) is close to
my(Fk)'mv(Fk)']

The proof requires a considerable amount of calculations with various
idempotents in FS,, viewed as polynomials, and with substitutions in E,. The
right choices of idempotents and substitutions yield the proof.

The inequality m;(E,) = 1 and the asymptotics of the degrees d; = deg(x;)
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imply the lower bound
1\&
€ (—) (kY™ = cu(Ey)
n

with ¢,, g, explicit. Since E, = F, ® E,
Cn(Ek) = Cn(Fk)' C,,(E),

and a similar upper bound for ¢,(E, ) follows from the (asymptotically) known
series ¢,(F,) and c,(E).

This proves Theorem 0.1 for the algebras E,.

The results of [1], [2], [3] and [7] allow us to extend Theorem 0.1 to the
algebras E, ;. Finally, it is not difficult to extend these results to any K-
semiprime algebra.

§1. Kemer’s results [7]

Let A, = M, (4) denote the £ X k matrices over the algebra 4 (any A4). Let
E = E(V) be the Grassmann (Exterior) algebra of a countable dimension
vector space V over a field F, char F = 0. By considering the length of the basis
elements of E we have that

E=E0@E1,

where E; (resp. E,) is spanned by the elements of even (resp. odd) length.
Given k, ! = 0, we denote by E;; = M, /(E) the following subalgebra of E . ,:
A|B

E,= {<.5|3> l AE M(E), DE M(E),Bisk X/and Cis [ X k,

both with entries in £ ,.}

We consider now algebras with 1. Kemer defines the property of K-
semiprimeness as follows:

K-ideals (Kemer calls them T-ideals) are obtained from 7 ideals by taking all
possible evaluations.

The relatively free algebra in a given variety is called K-semiprime if it does
not contain nilpotent K-ideals, and in that case, the variety itself is called K-
semiprime. K-primeness is defined in an analogous way and a K-semiprime
algebra is a finite direct sum of K-prime algebras. A. Berele showed me that K-
primeness is equivalent to the following property:
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K-primeness: The algebra A is K-prime if it satisfies the following property:
Let f(xy,...,x), g(x, ..., X,) be polynomials such that

f(xo, s xr—l)xrg(-xr+l, ees -xr+s)

is an identity for A, then either for g is an identity for A. Equivalently, an
algebra A is K-prime if no product of non-zero K-ideals of 4 is zero.

In the work of Kemer [7], the following two theorems are relevant to this
paper:

1.1. THEOREM [Kemer]. Any K-prime variety is generated by one of the
following algebras: F, = M (F); E, = M\(E)=F, ® E; E\;, = M, (E) where
[=k.

Let A, B be two P.1. algebras. Denote 4 ~ B if they satisfy the same set of
identities.

1.2. THEOREM [Kemer]. The next equivalences hold:

(1.2.1) E,~EQ®E,
(1.22) Ek,l ®F ~Ek+11
(1.2.3) Ey®FE, ;~Eyipi+i

The importance of these algebras lies in the following:

1.3. THEOREM [Kemer]. Every relatively free algebra A has a maximal
nilpotent K-ideal I such that A/l is K-semiprime.

§2. Some preliminaries
2.1. The partitions AFm decompose FS,,:
Fs,= © 1,

I, minimal two-sided ideals.
A Young tableau 7, of shape A defines the two subgroups Ry,, Cr, C S,
Ry, = the row permutations of T,
Ry, = the column permutations of 7;.
Denote
R,=2Y p, Cr= Y sgn(q)-q.

PERy, 9€Cr,
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Usually, one constructs now, in FS,,, the primitive idempotent
er, =a-Ry,-Cy,

where a~! is the product of the hook numbers of A. Such idempotents, that
correspond to the standard tableaux of shape 4, completely decompose I;:

L= ©® (Fs,)e.

T, standard

Note that one can also construct f;, = a- Cr, - Ry; these again are primitive
idempotents with the same property as the er’s.

2.2. Givena = Z,e5, a,0 €FS,, (a, EF), we identify a with the polynomial

a EQ(X], e ,xm) = 2 aaMa(-xh L ] xm)’
cES,
where M (X, . .., Xn) = X,)° * * Xoemy- This applies, in particular, to the idem-
potents ey, =er,(X,, ..., Xp).

2.3. x,(A)=Z,;,,m;(A)y is the cocharacter of the P.I. algebra A with
multiplicities m;(4); x; is the irreducible S, character that corresponds to 4.

2.4. If m,(A4) # 0 then, for some tableau T,
er, (X, ..., X)) €ld(4)=Q,
and for some — possibly another — tableau T,
Ji, (0, . X)EQ,
1d(4) = Q being the identities of 4.

2.5. The results of [4], [5], imply that for most u’s, m,(F,) # 0. In particular,
let n =2k n=wk®+r, 0 =<r <k? and define
pu=w-+r,ww, ..., whn.
[
kK—1
It then follows from [5] and from [12, Th.1.3] that m,(F,)z 1. for an
appropriate choice of T, er,(x,, . . ., X,) (or fr,(x,, . . ., X,)) is not an identity

of F,. Thus, for generic k X k matrices X,,...,X,, ep(X,,..., X,)#0
(fr.(Xy, ..., X,) #0).

2.6. REMARK. Let vtn, T, a tableau of shape v, T, the conjugate tableau
(of shape v’, the conjugate partition). Clearly, Ry, = Cr, and Cr, = Ry,.
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2.7. Recall that E = E(V') is the Grassmann algebra of a countable dimen-
sional vector space V. Let v,, v,, ... denote a basis of V.

LEMMA. Let T, be a tableau, T, its conjugate, with their corresponding e
and f idempotents as in 2.1. Also, let V =spang{v,v,,...}, E=E(V) as
above, and consider E ®; F(x). Then

eTL(vl ® XiseoesVp ®xn) = (vl' * 'vn) ®fT,(-xl, e a-xn)-
PROOF.  Since v,y* * * Vo(ny = 58D(O)V, - - - v, (vi¥; = — v;»;), hence

MW®x,...,v,®8x,)=v,---v, ®sgn(a)M,(x,,...,x,).
Thus

er,(v®x)= Y sgn(q)M,,(v ® x)
p=4€Cr,
?=PpERr,

=+ v,)® ¥ sgn(p)-sgn(yp)M,,(x)
PERy,
YEC,

= (Vl M vn) ® 2 Sgn(y)Myp(x)

24
=¥V ® fri(x).
The Capelli identity for F; will play an important role in what follows.

2.8. Recall that the Capelli polynomial 4, ,[x; y] is defined as follows:

dyi[x;¥]= X SgN(T)Xo( V1 Xo2)V 2" * *VuXo@m +1)

gES,
Recall also that di:, \[x; y] is an identity for F,.

LEMMA. Let R be any F-algebra,
B,...,Be€ER,=M(R) and D,...,Dg, €F,.
Then
dpi[Dy, ..., Dy By, ..., Bl =0.

PROOF. Since dj:,, is multilinear, we may assume that B, =r, ® C,, ,ER,
C; €EF,. The lemma now follows since

dk2+l[Db PN ,Dkl+1; r ® Cl, N rk2® CkI]
=(r-r)®da (D, ...,Da,;;C,...,Cal=0. QED.
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2.9. DEFINITION. Let u,, #,, . . . be basis elements of E (so either of even or
of odd length; (§1)) and u =(u,, . . ., u,,), then define

#u = card{i | 1 =i = m, u; is of even length}.

We shall consider substitutions in E; of the form

w,—~u; ®D,,
where u = (u,, ..., U,) as above, and D, EF,.

2.10. LEMMA. Let h(x,, ..., x,) be a multilinear polynomial, let k* + 1 =
[<s, 12§, <---<i =5 and assume h is alternating in x, . . . , x;. Substi-
tute x;—u;®D; 1<i=s, as in 2.9. If #(u,...,u)Zk*+1 then
h(ul®D1,...,us®D3)=0.

Proor. W.L.O.G. j;=j and u,,...,ug,, are of even length; we can
assume u, = ---=ue,, =1. Since A(x) is in particular alternating in

X, -+ ., Xg24 WE Can write
hxy, ..., x)=Ya-Mydpe (X, ..., x50 My, ..., MM,

where in each summand, the M,’s are either equal to 1 or are monomials in
some of the x;’s. Substituting x, —~u; ® D;, the M,’s become M, € E,, while
x;—D,EF,if 1 =i =k*®+ 1. The proof now follows from Lemma 2.8.

Q.E.D.
2.11. Recall from 2.1 that for 6+m and a tableau T,, we can write
a”'er,(x)= P PCT,(Xb e Xm) = X CT,(xp(l), c e Xpomy)-
PERy, PERy,

Correspond [ with x;, then the entries of the j-th column of T, correspond
to a subset of x,, ..., x,,, and Cr(x) is alternating in that subset. If w is the
number of columns of Ty, then Cr,(x) is a polynomial in w subsets of variables,
and is alternating in each such subset. Clearly, the same applies to
Cr,(Xpqy - -+ » Xpm))-

2.12. LeMMA. Let 0+m with T, a tableau with k* columns. Let u =
Wy, . .., U,) as in 2.9, with #uz k* and let X, ..., X,, be generic k X k
matrices. Then

er,u® X)y=e,,(u;®X,,...,u, ®X,)=0.

PrROOF. By the above description of a 'er(x) and since
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# Uty - - - > Upgm) = ¥ (s, - . ., Uy), it suffices to show that Cr,(u ® X) =0.
Now, Cr,(x) is alternating in each of its k* subsets of variables, and since

#u k% there is at least one such subset x,, ..., x;,with # (1, ..., u,) Z k%

The proof now follows from Lemma 2.10. Q.E.D.

§3. The general construction of T}

We begin with A EH(k?, k% n), Ae = k?, so that A (u,v') as in 0.3. We
make the following

3.1. ASSUMPTIONS.
(@) vezZ k*+ K2,
(b) m,(F,), m,(F)#0.

3.2. ExaMpLE. Let n = 2k*k?+ k* and choose n, =[n/2], n,=n —n, :
n, ny = kAk*+k%. Let now nm=wk*+r, 0=r<k’® i=1,2 (so
w; = k? + k*) and define

p=(wy+r,wy ..., ),V =@+ 1,o,...,0).
[ — — ——
k-1 ki1
and A —(u, v'). Thus

—

As was noted in 2.5, m,(F,), m,(Fy) # 0.
We now construct T, then show later that ey, (x) & Id(E}).

3.3. CONSTRUCTING T;. Recall that Atn n=n,+n,, vtn, pkn, A—
(n,v') and mJ(F,), m(F,)#0. Thus there are (many) tableaux f, (on
1,..., n) such that f, (x) is not an identity of ;. We shall pick, in §4, one such
tableau T, with f7.(x) € Id(Fy).

Similarly, there is a tableau T, (on 1,..., n;) such that er,(x) is not an
identity of F,.
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We construct:
T, =T, (T, +n).
Here T, is the conjugate of T,; T, + n, is the tableau on n, + 1,...,n, + ny,

obtained from T, by adding n, to each of its entries, and T, | (T, + ny) is the
“glueing together” of the two tableaux [12, pp. 1422-3].

3.4. REMARKs. Let S,(n,+1,...,n + n,) be the symmetric group on
ny+1,...,n + n, (its order is n,!). Let

RT,+n,9 CT,+n| g Sm(”l + la ey My + n2)

be the row and the column permutations of 7, + n,, and define Rm,,,, Cr,+m as
in 2.1, Clearly

CT; = CT'. X CT,+n.

and hence
CT, =Cyy- CT,+n.-

On the other hand,
Ry, 2 RrRryp.

Choosing a transversal L we obtain

RT1 = U p(RT; X RT‘,+R|)

pEL
a disjoint union. Thus

R-T‘ =3 P(Rr; 'RT,H,)-

pEL

We choose L such that 1€L. Recall that n = n, + n,. With the above
notations we prove

3.5. LEMMA. Forsome (0 +# BEF,

eT;(xl’ RS} xn) =ﬁ E p(eT.’,(xla e ey xnl)'eT,(xn,+la seey xn,+n;))'
pEL

ProOF. Note that er, = a,Ry, - Cry, e, = a,Ry, - Cr, and

eT,.(xn,-Ha ceey xn,+n;) = aZRT,,+n, * CT,+n,-
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If pERy,, and ¢ ECr, then

pq=4p

since they permute two disjoint subsets of {1, ..., n}. The proof now follows
since

er,= aRn : Cn =a % p(Ry, 'RT,+A,)(CT.’, : CT,.+n.)

pEL

sa 2 p(RT.’, * CT; 'R-T,+ n* CT,+n|)' Q'E'D'

pEL

3.6. NOoTATION. Denote the various areas of T, as follows:

A| A3 ’J_r-’
Tl =

Thus

and 7, + nj=4,

3.7. REMARK. In 3.4 we can choose the transversal L such that eachp €L
is a row permutation of the diagram

A, A, J_F’

and satisfying the following property:
If 1 # p €L, then there is an entry i in 4, (resp. in 4;) such that p(i) is an
entry of 4; (resp. of 4,). Also, for any pE€ L, if i is in A4, then p(i) = i.

§4. The construction of T

4.1. REMARK. Let T, be a tableau of shape 6. Let T, be a tableau which is
obtained from 7T, by permuting any set of rows (columns) of equal length. It is
easy to show that Ry, = Ry, and C;, = Cy,, hence ez, = er,.
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4.2. We fix a tableau ¢, for which f, (x) € Id(F,) (3.3), then apply the above
remark to obtain in 4.6, T,. Note that if ¢, is the conjugate of ¢,, then, by 2.7,

e®X,...,v,0X,)#0

where the v;’s are basis elemlents of V (§1) and the X,’s are generic kK X k
matrices.

4.3. DEFINITION. With ¢, as in 4.2, define S CN as follows: s €S if and
only if there exist u,, . . ., u, EE asin 2.9 with #(u,, . . . , #,) = sand such that
e,(u®Xy,...,u,®X,)#0.

4.4. REMARKS.
(a) 0€S,hence S # .
(b) If s€S then s = k*.

Proor. (a) follows from 4.2, while (b) follows from 2.12, since ¢,( = T})
has k? columns,

Conclude that there exists s €S maximal, 0 =s < k*. We then fix u =
(uy, ..., u,) with #u =sand

e, (u;®X,...,u, ®X,)#0.

4.5. LEMMA. Let t, and u = (uy,...,u,) be as above — with #u=s
maximal in S. Then there exists a tableau T, which satisfies:
(a) e;r; = €,;.

(b) If u; is of even length, then i does not appear in the first k* columns of T,
(so i does not appear in the first k* rows of T}).

PrROOF. By 3.1(a), v = k2 + k*. Thus ¢, has vi» = k? + k* columns of height
k?. Given the above u,let 1 =i, ..., i = n, be the indices for which the u,’s
are of even length. These i;’s appear in at most s columns to ¢,, and s < k*. Thus
there are at least k? columns of height k2, of ¢,, which do not contain any of
these #’s.

Let T, be a tableau which is obtained from ¢, by permuting the columns of z,
— of height k2 — in such a way that i, ..., i, do not appear in the first k?
columns of 7,. Such T, obviously exists. Then (b) holds by construction, while
(a) follows from 4.1. Q.E.D.

4.6. ConcLusioN. Recall that the tableau 7, was chosen in 3.3. It is the
above tableau 7, of 4.5 that we choose; then, as mentioned in 3.3, we construct

T,=T,|(T, +n).
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§5. en(x)EId(Ey)

In order to show that er,(x) is not an identity of E, we construct below a
substitution of the form x; — u; ® X,, then show that e (¥ ® X) # 0.

5.1. THE SUBSTITUTION. We choose uy, . . ., u, asin 4.4, 4.5, then choose
Up 1= " = Uy o= 1.Nowlet X, ..., X, ,,,begenerick X k matrices, and
consider the substitution

X, u; ® X, 1=i=n+n,.
With T as in 4.6 and with 4.5 in mind, we now prove

5.2. LEMMA. Let1#p€L,Lasin3.4-3.7,andlet x, = u; ® X; asin 5.1.
Then

(pler,(xi, « - s Xn)er,(Xn s 15+ o 5 X 4 ) DX — 4 B X))
= er,(Up) ® Koy -+ - > Uiy B Xpiny)
X er(Upn+1)® Xpimr1ys + - + s Up(m+my © Koy 4np)
=0.

Proor. Consider 1 =i = n,. By 3.6, 3.7 and 4.5(b), if u; has even length,
then i appears in 4, hence p(i) = i 5o u,;, (= u;) has even length. Also, there
exists iy in A; with p(ip) in A3:n, + 1 =p(ip) = n, + n,. Since U, (= -+ =
U, +n, = 1 are of even length, hence so is u,,. It follows that

# Uy o oo Upn) =5 + 1.
By 4.3 and the maximality of s €S,
er (i) ® Xpqiy, - -+ 5 Upny ® Xyiuy) =0,
and the proof follows. Q.E.D.

5.3. REMARK. Let {¥; ® X;} as in 5.1. It is easy to see that for an
apropriate polynomial g(x,, . . ., X,),

0#er(, @ Xy, ..., U, @ X,)=(uy---u,)®g(Xy,..., X,).
5.4. THEOREM. With x;—u; ® X, as in 5.1 and g(x) as in 5.3 we have:
er(u®X)=er(u; ® Xy, ..., Uy 10, ® Xy s0y)
= (U U) OGN, ..., Xp) e, (Xyiis -+ s Koy
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In particular, er,(u ® X) # 0.
ProoF. By 3.5 and 5.2 and 5.3,

ﬁ_leT;(u ® X) = eT;(ul ® Xls sy un. ® an)'eT,(Xn.+la sevy Xn|+nz)
+ X en(i0® Xy - - - Upiny @ Xpny)
I#pE€EL
X eT,,(up(m-H) ® Xp(n|+l), sy up(n,+nz) ® Xp(n,+nz))
= eT;(ul ® XI: ey un. ® Xn.)'eT,(Xn|+h resy Xn.+nz)
= (ul °C 'unl) ® (g(Xh ceey Xn.)eT,(Xn,+l’ ey Xn|+n1)-
Now, g(X,,..., X,)# 0 by 5.3, and er (X, ;1,..., Xy +n) # 0 since e, &
Id(E,) and the X’s are generic. By Amitsur’'s primeness theorem
gXy, ..., X)) er,(Xyits. oo s Xny+n) # 0, and hence er,(u ® X)#0. Q.ED.

5.5. REMARKS AND CONJECTURES. Let A+>(u,v') as in 5.4. It follows
from 5.4 that m,(F,) = 1. Recall that T, was constructed (3.3) from ¢,and T,,.
In fact, there are m,(F,) tableaux {t,} with {e,(x)} independent over FS, and
modulo Id(F,). Likewise we could have chosen m,(F,) tableaux {T,}, etc.

We could have therefore constructed m,(Fy)-m,(F,) corresponding tab-
leaux {7}, and we conjecture that {ey(x)} are independent over FS, and
modulo Id(E,). In other words, we have

CONJECTURE. Let A (u,v') as above, then
my(Ey) = my(Fy)- m,(Fy).
We also guess — but dare not conjecture — that

my(Ey) = m,(Fe)- m,(Fp).

§6. Applications: bounds for c,(Ey)

In the next two sections we apply Theorem 5.4, together with some other
results, to give the bounds for the codimensions that were promised in
Theorem 0.1,

We begin with ¢,(E;). The upper bound follows easily:

6.1. LEMMA. There are constants c, and g, such that for all n,

B = ¢, (1)3’-(2 NOU
n
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Proor. Note that E, = F, ® E. By [15],

F 1 k-1 1 k2—1y2 1' k 1' k(k1+4)/2 l (k2~1)2 k2
S

and by [8], c,(E)=2""'. By [10],
ca(Ex) = ¢o(Fx ® E) = ¢,(Fy)- ¢4(E),
and the proof follows. Q.E.D.
Note that the proof gives ¢, and g, explicitly!

6.2. THEOREM. There are constants c,, ¢,, g, and g, such that for all n,
1\& 1\%
¢ (—) @-k" < (E) S o (—> Q-k.
n n

Proor. The upper bound is given by 6.1. It suffices to prove the lower
bound for n large enough. Let n be large, in particular let n = 2k%(k? + k*) and
let A (u,v') be as in Example 3.2. Thus m,(F), m,(F,)# 0, hence by
Theorem 5.4, which was proved under such assumptions, m,(E,) # 0. Hence

ca(Ex) 2 d;.

We shall complete the proof by estimating 4, asymptotically. The main tool
here is [2, §7] (in particular, 7.14.1 there).

Let v be the diagram obtained from v by removing the first k2 X k? rectangle:
v =(w, — k*+r, (0, — k¥)¥~1. By [2, 7.14.1],

(6.2.1) - -<n—k4>-d9~du-< I hij>—'

(n — k%! n, (.J))ER

(h;; are the “hook™ numbers, and R is that k% X k? corner rectangle).
Now

!
nt

k"

while for (i, /YER, h; ; = n/k?* so that

-1 k2 k4
L) =)
{i.)YER n

Thus



366 A. REGEV Isr. J. Math.

n' -1
6.2.2 S — h,»») ~ ko
(6.2.2) (n — k%! (I} ’

which is a constant.
Since n, = (n — k*)/2 and n is large, hence

n—k* 1,
(6.2.3) < >_c- TEZ

h,

for some constant c.
We now estimate d, (and similarly d,): Recall that g = (@, + rp, w§ '), Let

D(xl!"'9xm)= H (xi_xj)'

I1Zi<jz=m

By the Young-Frobenius formula d, = d, - d, where

n,!
d =
L@+ DU (0, + K= 2wy + 1+ K2 — 1)

and
d=D(wyw,+1,...,0,+k*=2, w0, +r,+k*—1).

Now, D(w,,...,w, +k* =2, w,+r,+k*~1)=D(,2,...,k*—1,r,+k?
is a polynomial in r,; since 0 < r, < k? — 1, that polynomial is bounded.

To estimate 4, (of d,), apply Stirling’s formula: if » is large and a is bounded,
then

(n+a)= V2re~"nn+avn.

Since w, is large, for all 0=j=n+ =1, (wy+ )Y ~¢ .w$*, and
Vw, + j = Jw,. Also note that

o+ (@, + D+ H (o + k=) (w,+n+k*—1)=n+h  where
h = jk(k —1).
Then

n2:n,

w512+h. \/Q)zkz

—e (2)" Vi,

Pt
W, w51+k/2

d~c¢ (¢ is a constant)
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Now, ny/w, = k¥(1 + r,/k*w;) and k*w, = n, — r,, hence

ny\ ™ r, \™n r, \n
t — k2n2 . (l + ) (1 + ) ~ 2. szll‘
<w2> k2w2 k2w2

Since w, =~ n,/k* and h + }k? is bounded, it follows that

1\¢
d=c'- (—) -k*., ¢’ g’ constants.
n,
Assume for simplicity, that » is even. Thus 2n, = n so k*» = k" and we have
that

1\¢
(6.2.4) d,=c¢ (—) k"

n
Similarly,

1\¢
(6.2.5) dy =~ é<—> k.

n

Here ¢, ¢, g, £ are (explicit) constants.
Combining (6.2.1)-(6.2.5) we obtain that

1\& ..
d, =~c¢- <—> (2k%", ¢, g, (explicit) constants.
n
Since d;, < c,(E}), the proof follows. Similarly when # is odd. Q.E.D.

§7. The algebras F

In this section we prove Theorem 0.1 for the algebras E, ; of §1. The upper
bound follows from the following three theorems:

7.1. THEOREM (Berele [1]). We have

In(Ee)) = 2 my(Ec) - xa

AEH(E + P 2kt;n)
(and the two indices k* + I* and 2kl are minimal).
7.2. THEOREM (Berele, Regev [3]). Let A be any P.I. algebra, y,(A)=

2 1epanmyMa(A) - 1 its cocharacters. Then there exists an r such that for all n and
Sforall Abn, my(A)=n".
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7.3. THEOREM (Berele, Regev [2, Th.7.21]).

S d o~ (1>g-(k+1)"

A€H(kIny "T® n
where c, g are (explicit) constants.
As a corollary we have

7.4. LEMMA. There are (explicit) constants c¢,, g, such that

\%
Xn(Ek,l)écz( ) -k +D*.

n
Proor. By ?7.1,7.2 and 7.3,

GENSN T d=nece (%) (2 + P) + QKD)",

AEH(R + P 2kin)
and the proof follows. Q.E.D.
We are now ready to prove
7.5. THEOREM. There exist (explicit) constants c,, ¢,, &, & Such that

& D&
- (Z) (k+ D" =c(E) =, (;> (k4 1),

Proor. Lemma 7.4 gives the upper bound. To obtain the lower bound,
recall that E, ; ®- E ~ E, ,; (Theorem 1.2), hence
Ca(Ex41) = CalEyy ® E) = co(Er ) - c(E) = cu(E)- 2"
Thus

1
cnlErs) Z PYE Cn(Ex+1)s

and the proof follows from Theorem 6.2. Q.E.D.
With Theorem 0.3, 6.2 and 7.5 in mind, we make the following

7.6. CONJECTURE. LetA = E, or E; ;. Then there are constants ¢, g, a such
that

cn(A) n? C- (l)g.an.

© n
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In other words we conjecture that a property similar to 0.3 holds for any K-
prime algebra.
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